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This is the third in a series of papers on research conducted on magnetohydrodynamically driven vortex

containment for gas core nuclear propulsion. This paper takes the chemical, electrical, and optical properties of the

propellant/fuel mixture derived in the previous work and uses them in a 1-D axisymmetric flow model to assess the

effectiveness of using MHD to improve fuel confinement in the vortex. Governing equations for mass, momentum,

and energy transport are derived, and reduced to dimensionless forms. Some of the free parameters in the system

design are constrained based on physical considerations, whereas others are constrained through optimization. The

opacity of the fuel/propellant mixture permits the use of a diffusive equation for radiative heat transfer, and the

results show that this transfer to the outer walls of the vortex is not the limiting factor in performance as is often

assumed.However, requirements on limiting the uranium loading at the outerwalls are found to fundamentally limit

the allowable heating rate within the vortex. As a consequence, the core temperature is shown to be limited to around

5000 K, and the specific impulse to around 1200–1500 s.

Nomenclature

B = magnetic field vector
cp = specific heat capacity
D12 = H–U diffusion coefficient
E = total energy
E = electric field vector
g = gravitational acceleration
g0 = volumetric heating term
H = total enthalpy
h = enthalpy
h = Planck constant
Isp = specific impulse
J = electric current vector
KM = concentration coefficient
k = Boltzmann constant
M = total mass flow rate per length
Mtm = tangential Mach number
M1 = hydrogen mass flow rate per length
M2 = uranium mass flow rate per length
m = molecular weight
NA = Avogadro’s number
n = number density
P = power per unit vortex length
p = pressure
Q = energy per fission
_q = heat flux
q = heat flux vector
R = specific ideal gas constant
R = universal ideal gas constant
r = radius
T = temperature
u = radial velocity
v = tangential velocity

w = uranium loading
wc = vortex core uranium loading
y = mass fraction
�v = characteristic vibrational temperature
�r = Rosseland mean opacity
�c = conduction coefficient
�r = radiative conduction coefficient
� = density
� = conductivity
�f = fission cross section
� = neutron flux

Introduction

I Twasfirst conceived in 1957 that the pressure gradients present in
a hydrodynamic vortex could provide a mechanism to contain a

hot reacting fuel within a flowing propellant [1]. Studies showed that
this approach was initially quite attractive. A distribution of uranium
that had low density at the outer wall and inner core, and peaked at
some radius in between would in theory limit uranium loss and wall
heating, while still providing ample heat transfer to the propellant.
However, fairly extensive experimental and theoretical studies
revealed problems with turbulent shear and subsequent mixing at the
high Reynolds numbers required for containment, leading to vortex
strengths that could never meet the requirements. To alleviate the
problem, it was theorized that electromagnetic forces could be
employed to strengthen the vortex, independent of themassflow rate.
An electrical circuit would be created between the outer
circumferential wall of the vortex tube and the center of the forward
wall (opposite the nozzle; see Fig. 1). The high temperature of the
fuel would provide sufficient ionization (conductivity) along the axis
that the primary component of the electric field would be radial. In
addition, an axial magnetic field would be established by wrapping a
coil around the outer perimeter of the tube. The E �B drift of the
current would then be azimuthal, and the high collisionality within
the vortex would mean that this force was transferred to the
propellant, strengthening the vortex.

Whether gas phase fuel containment is possible can be determined
in first approximation by an analysis of the radial flow field of the
vortex tube. The two key issues thatmust be addressed are 1) keeping
the fuel away from the core of the vortex where high axial velocities
will carry it out of the nozzle, and 2) isolating the outer wall from the
large internal heat flux. Because of the axisymmetric nature of the
flow field, variations in the azimuthal direction are assumed to be
zero, however, the azimuthalmomentum equation is still maintained.
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It is for this reason that the model is referred to as “quasi 2-D.” It is
also assumed that the only species present areU,U�,H2,H,H

�, and
e�, because it has been determined that the fluorine levels in the
system will be low, if not zero [2,3]. Finally, for the analysis
performed, the flow is assumed inviscid, because earlier analysis [1]
demonstrated that the uranium concentration will drop to low levels
well outside of the central viscous layer of the vortex.

Governing Equations

Mass Conservation Equations

The mass conservation analysis starts with the axisymmetric
equations of continuity. Each of the species must satisfy its own
continuity equation, and together theymust satisfy a global equation.
The total mass flow rate of hydrogen (includingH2,H, andH�) per
unit vortex length is given byM1, and the analogous quantity for the
uranium (both U and U�) is given byM2. The general form of the
mass conservation equation is

@

@t
��� � r � ��u� � 0 (1)

and under the assumption of steady state, 1-D axisymmetric flow
simplifies to

1

r

d

dr
��ur� � 0 (2)

Integrating this equation shows that �ur is a constant that depends on
the species under consideration. In this form, the three equations of
continuity become

M 1 � 2��1�u� u1�r M2 � 2��2�u� u2�r
M� 2��ur

(3)

where u1 and u2 are the radial diffusion velocities of the hydrogen
and the uranium, respectively.

For the flow of amixture, the diffusion velocity of each species is a
result of the differential push of the global pressure gradient, the
redistribution due to each species partial pressure gradient and the
difference in thermal velocity resulting from the temperature
gradient. Regarding the thermal diffusion as small comparedwith the
other effects [1], the radial diffusion velocity of species 2 in a two
species flow is given in one form by [4]

u2 ��D12

�1
�

�
n

n1

d log�n2=n�
dr

� n�m1 �m2�
�

d logp

dr

�
(4)

with D12 as the binary diffusion coefficient, n the number density,
andm themolecularmass of the species. Because of the large number
of hydrogen atoms as compared with the uranium and fluorine, it can
be assumed that the diffusion of each of the lower concentration
species is affected only by the hydrogen, and not by the other species.
In this way, all diffusion processes can be treated as binary, and the
above relationship can be used. The diffusion velocity u1 can be
found by eliminating u from Eq. (3) resulting in �1u1 � �2u2 � 0.

Momentum Conservation Equations

Beginning once again with the vector representation, the
momentum conservation equation is given as

@

@t
��u� � r � ��uu� � rp� J �B (5)

where the electromagnetic body force per unit volume on the fluid
appears on the right side of the equation. Again, under the
assumption of steady, inviscid, 1-D axisymmetric flow, the radial
and azimuthal momentum equations are

1

r

d

dr
��u2r� � dp

dr
� �v

2

r
� 0

1

r

d

dr
��uvr� � �uv

r
� JrBz (6)

where a radial current and an axialBfield are applied to generate only
an azimuthal body force, and v is introduced as the azimuthal
velocity component. To maintain the distribution of uranium within
the vortex, the radial flow velocity must be on the order of the
diffusion velocity, and, consequently, u is much lower than v for
effective containment. The only point at which this assumption
would not necessarily hold would be at the outer boundary, where
turbulentmixing andwall shear require that the azimuthal velocity be
at a low value comparedwith the injection velocity. The effect would
be a small error in the pressure gradient very close to the outer wall,
andwill be ignored. From this, terms of u can be neglected relative to
terms of v in the radial momentum equation, and applying total mass
conservation to the azimuthal momentum equation yields

dp

dr
� �v

2

r
� 0

�u

r

d

dr
�vr� � JrBz (7)

Definingw to be the mass density ratio of uranium to hydrogen, it
is assumed as before that the number density of uranium will always
be much less than that of hydrogen, and the ideal gas law can then be
used to eliminate the density from the above equation. This yields

d ln p
d ln r

� �1� w�v
2

RT
(8)

This expression can then be substituted into Eq. (3) along with the
continuity equations to eliminate the densities. The result is a first
order differential equation for the variation of w across the vortex

1 �
�
1� w
w

��
M2

M

�
� 2��1D12

M

�
d ln w
d ln r

�
�
m2

2 � y � 1

�
v2

RT

�

(9)

Returning to the azimuthal momentum equation, the electro-
magnetic force term JrBz is replaced by�JB, where the current and
magnetic field directions have been chosen to increase the angular
momentum as the radius decreases. From Maxwell’s equations,
r � J� 0 in the absence of a time varying charge density (steady
state), which in the case of axisymmetry indicates that Jr� constant.
This constant can be specified using I � 2�rJ for the current per
unit vortex length. The azimuthalmomentum equation then becomes

d

dr
�vr� � �

�
IB
M

�
r (10)

where the continuity equation has been used to eliminate �u. This
equation directly demonstrates the utility of adding the electro-
magnetic fields to the flow. Whereas before the product (vr) would
have remained constant (conservation of angularmomentum), it now
increases with decreasing radius as a result of the electromagnetic
force that pushes each unit volume in the J � B direction as it flows
inward. This equation can now be integrated to yield

�vr�2 � �vr�1 �
IB

2 _m
�r21 � r22� (11)

where 1 and 2 refer to positions in the flow, and the ratio I=M has
been replaced by I= _m (the ratio of total current to mass flow rate)
under the assumption of uniform mass flow along the vortex length.
This gives an expression for the azimuthal velocity that depends only
on constants of the vortex and the radius. Nowall that is necessary is a
relationship that will yield the temperature across the vortex.

Fig. 1 Schematic of MHD-driven vortex.
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Energy Conservation Equation

Starting once again with the vector representation, the expression
for energy conservation in the presence of general volumetric heat
addition is given as

@

@t
��E� � r � ��Hu	 � r � q� g0 � J � E (12)

whereJ �E is the contribution fromOhmic heating, and (g0) contains
the rest. Under the current set of assumptions this then becomes

1

r

d

dr
��urh	 � �u d

dr

�
u2 � v2

2

�
� 1

r

d

dr
�qr� � g0 � JBv� J

2

�

(13)

by separating the kinetic energy from the total enthalpy and using a
simplified form of the generalized Ohm’s Law, J� ��E� v �B�,
to express E in terms of J and the back emf v �B. Returning now to
the original form of the momentum equations [Eq. (6)], the
continuity equation may be used to pull the constant product �ur
from the derivatives. Multiplying the radial momentum equation by
u and the azimuthal momentum equation by v, they may be added
and rearranged to give

�u2
du

dr
� �uv dv

dr
� JBv � u dp

dr
(14)

the LHS of which is identical to what is obtained by differentiating
the kinetic energy term in the energy equation [Eq. (13)].Making this
substitution yields the internal energy equation

1

r

d

dr
��urh	 � u dp

dr
� 1

r

d

dr
�rq� � g (15)

where q� ��dT=dr� � h2u2 � h1u1 contains the diffusive heat
transfer mechanisms, with � as the heat conductivity. The last term
(g) is the modified volumetric rate of heat addition, which now
includes the Ohmic heating term, J2=�. The back emf term has been
canceled by the substitution of the momentum equations. In the
previous work by Kerrebrock and Meghreblian, the collisional heat
conduction was shown to be negligible over a large portion of the
flow and was therefore dropped. This approximation was most
convenient in that it reduced the energy equation to first order, and is
therefore maintained for this analysis. The validity of this will be
demonstrated in the numerical results to be presented later. The
convective terms of the separate species on the right can be combined
with the LHS to give

1

r

d

dr
��1�u� u1�h1r� �2�u� u2�h2r	 � u

dp

dr
� g (16)

Substituting the equations of continuity [Eq. (3)] and the pressure
gradient [Eq. (7)] and performing the differentiation, the energy
equation may be cast in the following form:

M1

M
dh1
dr
�M2

M
dh2
dr
� v

2

r
� 2�r

M
g (17)

From this it is seen that the total change of the enthalpies per unit
mass of the two gases across the vortex is equal to the sumof thework
done by the spatially varying pressure field and the energy per unit
mass added to the flow at each point. Realizing M is negative
(directed radially inward) it is also seen that the heat added increases
the enthalpy as r decreases, or equivalently, the slope dT=dr is less
than zero for heat addition. Without the volumetric heat addition, the
static enthalpy (or the temperature) would decrease toward the center
as energy is converted from thermal to kinetic.

Following an argument byKerrebrock andMeghreblian regarding
the exit boundary condition itwas concluded that the ratio of uranium
mass flow to hydrogen mass flow is upper bounded by the relative
concentrations of the two at the outflow boundary, as if a porous
cylinder were located there. Because of the positive pressure gradient
that still exists at the “core” boundary of the vortex, the uranium will

have an outward diffusion velocity relative to themeanmass flow. In
the limit of zero relative velocity, the mass flow ratio would exactly
equal the concentration ratio, which is why this condition represents
an upper bound. The situation is not the same at the inflow boundary
because mixing occurs. Consequently, if the density of uranium to
hydrogen at the inner boundary (the core) is designated wc, the
upper-bound ratio of uranium to hydrogen mass flow can be
expressed as

M2

M
� wc

1� wc
(18)

Because the relative concentration of the uranium is set to an
arbitrarily small value (10�4) at this point, terms involvingM2 may
be eliminated (as compared withM1) provided all other factors are
of the same order, and the approximationmade thatM
M1. Also,
because the specific heat per unit mass of uranium is even less than
that of hydrogen (due to their relative masses), the second term is
justifiably discarded from the LHS of Eq. (17) leaving only the
enthalpy flux of the hydrogen. The resulting form of the energy
equation is then

dh1
dr
� v

2

r
� 2�r

M
g (19)

neglecting the contribution of electrons to convection.

Convection

Convection is examined by first rewriting the spatial derivative of
the enthalpy using the chain rule as

dh

dr
� dh

dT

dT

dr
(20)

and using predeveloped expressions for the specific heats of the
electrons and hydrogen species. The left side of Eq. (19) can then be
written as [3]�

5

2
y�

�
7

2
�

�
�v=2T

sinh��v=2T�

�
2
�
1 � y
2

�
R

dT

dr
(21)

By the same argument, one may ask if the electrons, having such a
high mass specific heat, may contribute significantly to the
convection of heat across the vortex. The electric current level
necessary to have a substantial contribution can be easily determined
by imposing that the convective heat flux from the electrons be of the
same order of magnitude as that of the hydrogen. This implies

�eheue
�HhHuH

�
�ecpeue
�HcpHuH

� 1 (22)

and putting the mass flow of the electrons in terms of the electric
current, J� eneue, the required current level can be expressed in
terms of the propellant flow rate as

J � eNAM
2�rmH

(23)

It will be seen later that the current levels present in the system will
not in fact be high enough for the electron motion to contribute to
convective heat transfer. The remaining mechanisms of heat transfer
are contained within the volumetric heat addition term (g), and are
1) Ohmic heating, 2) electromagnetic radiation, and 3) nuclear
fission.

Ohmic Heating

It was seen in the development of Eq. (15) that there is no
contribution to the volumetric heating from the back emf, leaving
only the term J2=�. Using the current continuity equation gives a
constant value of the product Jr, and thus the evaluation of the
Ohmic heating becomes straightforward. The conductivity depends
on both electron number density and collision frequency. Although
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the cross section of electron-ion collisions is 1–2 orders ofmagnitude
larger than electron-neutral, most of the ions and electrons are the
result of uranium ionization,which is present inmolar concentrations
that are much lower than the propellant. Figure 2 shows that the
electron-neutral collision frequency is actually dominant over much
of the vortex, except when both the concentration of uranium and the
temperature are relatively high. Because the electron-neutral cross-
section is nearly constant across the vortex, the conductivity very
closely follows the uranium distribution. This can be seen in Fig. 3.

Radiation

In determining the rate at which energy is transferred radiatively at
various points in the system, several factors come into play. The
opacity increases with temperature (toward the core), the overall
density increases with radius, and the uranium density ratio peaks
somewhere in between. The optical depth per unit length depends on
the product

��u �
�pw

RT

�
1

2 � y�
w

mU

��1
(24)

and is plotted in Fig. 4 along with the temperature and uranium
concentration for a 5,000 K peak temperature. The maximum optical
depth per unit length is shown to be 160 cm�1, and drops to roughly
110 cm�1 at the peak uranium distribution. The only point in the
vortex where the optical depth per unit length drops to a level where
radiation may travel significant distances is in the core. Because only
radiation emitted close to thewallwill arrive there, thewall will “see”
a gas that is only slightly elevated in temperature, and be shielded
from the high temperature core. The radiation in the core will
effectively be trapped radially by the uranium distribution as is
desired.

As a result of the optically thick nature of the gas a diffusive
approximation to radiative heat transfer is justified. Drawing an
analogy to the treatment of heat conduction, one starts with an

expression for the power transferred across a unit area. For
conduction this is the Fourier Law, which depends on the gradient of
the temperature, _qc ���crT. The divergence of this quantity gives
the net amount of heat leaving an element of volume per unit time due
to the flux of power through its walls. The analogous expression for
radiation has a �r that is strongly dependent on T, and hence the
volumetric heat addition by radiation in 1-D axisymmetric
coordinates is then

grad �
�
d�r
dr
� �r
r

�
dT

dr
� �r

d2T

dr2
(25)

It is seen that three terms appear, where two have been grouped
together for the purpose of illustration. These two terms are
proportional to the slope of the temperature and hence act in the same
way as the mass convection terms. The third term is proportional to
the second derivative of the temperature, and appears in the same
form as the usual heat conduction, acting as a volumetric heat source.
These terms will be addressed when the full energy equation is made
dimensionless.

Fission

The final component of the volumetric heating term accounts for
heat generated from the fission of the uranium fuel. Although it is the
primary source of heating in the system, it is considered at the end due
to the specialway it is to be treated. The analysis begins byfinding the
functional dependence of the system on the physical parameters. The
power produced per unit volume is given by gfiss �Q�f�n2, which
is the product of the energy per fission, fission cross section, neutron
flux and uranium particle density, respectively. This can bewritten in
terms of the local pressure, temperature, and uranium concentration,
and provided thatwm is at maximum of order 10 (which is the case),
can be approximated by

gf 

�
Q�f�

k

�2 � y�
m2

�
pw

T
(26)

Amaximum heating value exists [1,2], above which nomaximum
fuel concentration is generated away from the outer boundary. A
similar value exists in the presence of Ohmic heating and radiation,
and will be found after the equations are nondimensionalized. The
heat addition from fission will then be considered parametrically by
varying the fraction of themaximumheating value that is used, rather
than specifying the neutron flux. For a given fraction of the
maximum, the necessary neutron flux can be easily calculated. After
some algebraic manipulation, the full energy equation can now be
written as

�
ycpH � �1 � y�cpH2 �

2�r

M

�
d�r
dr
� �r
r

��
dT

dr

� v
2

r
� 2�r

M

�
gf � go � �r

d2T

dr2

�
(27)

Fig. 2 Electron collision frequency with ions and neutrals.

Fig. 3 Conductivity versus radius.

Fig. 4 Optical depth per length vs radius.

SEDWICK AND ZAYAS 407



and the system of governing equations may now be non-
dimensionalized.

Nondimensionalized Equations

The governing equations take on a more illustrative and general
form if they are functions of dimensionless parameters and boundary
conditions. As in the previous work [1], equations of the following
form are sought

dT�

dr�
� f1�T�; w; p�; r�;Mtm; wm; gm�

dw

dr�
� f2�T�; w; r�; wm;Mtm�

dp�

dr�
� f3�T�; w; r�;Mtm�

(28)

where the variables T, p, and r are nondimensionalized with respect
to their values at the maximum of w (wm), and Mtm and gm are the
tangential Mach number and volumetric heat addition values at this
same point. The boundary conditions (applied to this same point)
take the simple form

T��1� � 1; p��1� � 1; w�1� �wm (29)

The nondimensionalization begins with Eq. (11) for azimuthal
velocity, which is first written in terms of Mach number using the
local speed of sound. The ratio of sound speeds is then reduced to
temperature and molecular weight ratios related to the maximum
uranium concentration point as follows:

Mt �
Mtm

r�T�1=2

�
2 � y
2 � ym

�
1=2

�1�MHD�1 � r�2�	 (30)

where the first dimensionless parameter MHD is given by

MHD � IBrm
2 _mvm

(31)

and can be interpreted as the ratio of applied torque to angular
momentum flux at the peak fuel concentration radius. The equation
for the pressure variation will be the same as in the original work,
because writing it in terms of the Mach number has already removed
the dimension of all right hand terms, and the molecular weight is
contained within its definition. From Eq. (8) is then obtained

d ln p�

d ln r�
� �M2

t �1�w� (32)

where Mt is given previously. Similarly for the uranium
concentration, given by Eq. (9), the dependence of the binary
diffusion coefficient on the flow properties is determined. From the
simple result based on hard sphere collisions, the expression is given
by [4]

D12 �
3

8nd212

�
�m1 �m2�kT

2�m1m2

�
1=2

(33)

The product �1D12 in Eq. (9) can be nondimensionalized using this
equation, resulting in the relationship

��1D12� � ��1D12�mT��1=2 (34)

and an expression for ��1D12�m is found by evaluating Eq. (9) at the
peak concentration radius. Because at this point �1� wm�=wm is of
order unity,M2=M
 1, and the slope of dw=dr� 0 by definition,
this expression becomes

��1D12�m ��
M
2�

��
m2

2 � y � 1

�
v2

RT

��1
(35)

Equations (34) and (35) may then be substituted into Eq. (9) to yield

d ln w
d ln r

�
�
m2

2 � y � 1

�
v2

RT

�
1 � 1

T�1=2
� m2

2�ym � 1�
� m2

2�y � 1�
v2m
RmTm

RT

v2

�
�
1 �

�
1� w
w

��
wc

1�wc

���
(36)

Expressing the velocities in terms of Mach numbers, and using the
fact that m2=�2 � ym� � 1 for all y, this result can be written as

d ln w
d ln r�

� �mM
2
tmm2

2 � ym

�
�M2

t

�mMtm

�
2 � ym
2 � y

�

� 1

T�1=2

�
1 �

�
1�w
w

��
wc

1� wc

���
(37)

and Eq. (30) can be used to express M2
tm=M

2
t in terms of other

quantities.
Finally, making the energy equation dimensionless yields�
cpH
R
y�

cpH2
R
�1 � y� � gradm

�
r�

d��r
dr�
� 1

��
dT�

dr�

� T
��2 � ym�
r��2 � y� �M

2
t � gradmr���r

d2T�

dr�2

� gfissm
�2 � y�
�2 � ym�

p�r�w

T�wm
� gOhmm

1

��r�
(38)

where the dimensionless volumetric heating parameters have been
defined as follows:

gfissm �
�
2�r2mQ�f�

kjMjRTm
�2 � ym�
m2

pmwm
Tm

�
(39)

gradm �
�
2��rm
jMjR

�
(40)

gohmm �
�
2��rmJm�2
Tm�mjMjR

�
(41)

It should be noted that the absolute value of the mass flow per unit
vortex length appears within the volumetric heating parameters, and
the corresponding signs in the energy equation have been changed to
reflect this.

Radiation Dilemma

As mentioned earlier, there is a maximum heating rate that can be
supplied by nuclear fission if an extremum (maximum) is to occur in
the uranium mass fraction distribution. The condition on this
particular heating rate was that the dimensionless slope of the
temperature (dT�=dr�) has a value of�4 at the extremumpoint [1,2].
For heating rates below the maximum, the dimensionless slope will
have a larger value (more positive). Equation (38) can bewritten at rm
as

gfissm ��gradm
�
d2T�

dr�2

�
m

�
�
cpm
R
� gradm

��
d��r
dr�

�
m

� 1

���
dT�

dr�

�
m

(42)

where the cooling due to expansion and Ohmic heating have been
removed because they are small relative to other terms at this point in
the flow. This equation states that there is one dominant source of
heat generation, and two mechanisms of heat transfer. Heat is of
course generated by fission, which is represented by the term on the
LHS of the energy equation. Heat transfer is performed by both the
convection of energy by mass transfer, and radiation of energy by
electromagnetic waves. In the opaque gas regime, the radiative
transfer has characteristics of both conduction and convection. The
conduction term is proportional to the second derivative of the
temperature, and the convective term is proportional to the first.
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Recalling that �R is defined as [2]

�R �
16�T3

3�u�r
(43)

taking the natural log of this expression and differentiating with
respect to radius results in

1

�r

d�r
dr
� 3

T

dT

dr
� 1

�u

d�u
dr
� 1

�r

d�r
dr

(44)

which can then be nondimensionalized and evaluated at rm to obtain�
d��r
dr�

�
m

� 3

�
dT�

dr�

�
m

�
�
d��u
dr�

�
m

�
�
d��r
dr�

�
m

(45)

The uranium density can be written in terms of the overall density
as

�u �
w

1�w� (46)

and using the ideal gas law to express the overall density in terms of
the pressure and temperature yields

�u �
�
wmumH

mu � wmH

�
p

RT
(47)

Again, taking the log of this expression, differentiating with respect
to radius and evaluating the dimensionless form at rm results in�

d��u
dr�

�
m

�
�
dp�

dr�

�
m

�
�
dT�

dr�

�
m

(48)

where an expression for the derivative ofp� at rm can immediately be
obtained from Eq. (32) as�

dp�

dr�

�
m

� �mM2
tm�1�wm� (49)

Finally, to capture the contribution from the change in opacity, the
value of the Rosseland mean opacity [5] �r can be represented up to
10,000 K very accurately by a power law of the form �r � aTb, with
a� 0:001371 andb� 1:585, where the temperature is inKelvin and
the opacity is inm2=kg. The slope of the opacity at rm then becomes�

d��r
dr�

�
m

� 1:585

�
dT�

dr�

�
m

(50)

Pulling these expressions together, the derivative of ��r is given in
the final form as�

d��r
dr�

�
m

� 2:415

�
dT�

dr�

�
m

� �mM2
tm�1�wm� (51)

Although the second term will depend on the selected values ofMtm

and wm, the first term is fixed by the value of dT�=dr� at rm for the
case of themaximum heating value to roughly�10. The second term
is of the same order, and because it is also negative, the overall value
negative.

Referring now back to the equation for gfissm , it is rewritten by
taking the absolute value of all known negative terms and changing
their signs to yield

gfissm � gradm

����d
2T�

dr�2

����
m

�
�
cpm
R
� gradm

�
1 �

����d�
�
r

dr�

����
m

������dT
�

dr�

����
m

(52)

where the fact that the second derivative of the temperature profile is
negative at rm is also used. Examining this expression, it can be seen
that all of the terms contribute to a positive value ofmaximum fission
rate except for one. Each of the positive terms represents a
mechanism that removes heat locally from the system. The first term
is the conduction of heat due to radiation, and because the heat flux
increases in the direction of decreasing temperature (negative second

derivative) there is always more heat conducting out of an element of
volume than into it. Similarly, the first term in the curly brackets
represents heat convection due to mass flow. Because themass flows
inward, from cooler to hotter regions, there is again always more
energy leaving a volume element than entering it. The convective-
type radiation term, however, is just the opposite. Although there is a
small contribution of heat removal due to the cylindrical geometry
(the “1” in the square brackets), themajority of the radiation transport
is in the opposite direction. The convection of heat through radiation
is strongly proportional to the slope of the temperature, and as a result
more heat is caused to convect into the fluid element than out of it.
This local heating is then in direct competition to what is allowable
by the fission, if the condition on the temperature slope is to be
maintained.

Because of the existence of a maximum heating value, and a
competition to provide it, a crossover point will exist where heat
addition due to fission will be forced to contribute less significantly
than radiation. In the limit, this condition can be identified as the
point where the contribution due tofission goes to zero. Grouping the
terms proportional to gradm in Eq. (52), results in

0� gradm
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����
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����dT
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����
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(53)

Inside the curly brackets, the second derivative of the temperature is
only of order 1 (verified numerically), whereas the product of the
term in square brackets with the temperature gradient is of order 10.
Neglecting the “1” in the square brackets compared with the
derivative of ��r results in the following condition for zero allowable
fission heat input

gradm

����d�
�
r

dr�

����
m

�
cpm
R

(54)

and expanding gradm in terms of the local gas properties gives

2�

jMjR

�
16�T3

3�u�r

�
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����d�
�
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dr�

����
m

�
cpm
R

(55)

The dependence of �u, �r, andM at rm is repeated here as follows:

�um 
 wmmH

pm
RTm

(56)

�rm � aTbm (57)

M��2��M2
tm

mU

mH

��D12�m (58)

and inserting these into Eq. (55) yields

T2
m

pmwm

 1

3

�
�m �

10

�1�wm�M2
tm

��1
(59)

where the MKS values of the constants have been inserted. This
shows that to increase the operating temperature of the system, an
increase must be made in the pressure, the uranium loading or the
tangential Mach number at rm. The performance implications of this
relationship can be observed by relating this temperature to the
specific impulse of the system. Although the temperature continues
to increase somewhat beyond the value at rm, the low fuel density and
short dwell time of the propellant inside this radiusmean that most of
the heating has already occurred, and Tm is very near what the core
temperature would be. Assuming full expansion through the nozzle,
the specific impulse is given as

Isp �
1

g
�2cpTm�1=2 (60)

and inserting the relationship for Tm given above
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�
pmwm

3

�
�m �

10

�1�wm�M2
tm

��1�1=4
(61)

showing that the specific impulse is a very weak function of the
above mentioned parameters.

As a first approximation, the proper order of magnitude values of
each of these parameters are inserted. These are pm 
 107 Pa,
wm 
 10, andMtm 
 1. Assuming that in the best case the propellant
is fully dissociated, this results in an expected specific impulse of
only about 1300 s. In actual practice, the pressure can be maintained
at 300 atm, and theMach number would be less than one, resulting in
a specific impulse of just over 1500 s. Although this is about 75%
better thanwhat can be achieved by a solid core system, it falls below
what was anticipated by implementing the gas core. It is, of course
possible to increase the performance level by increasing the pressure
of the system, which will also have benefits in reducing the overall
system mass. However, because of the weak dependence on the
pressure, significant increases in pressure are necessary to get
somewhat marginal increases in performance. As an example,
increasing the pressure by a factor of 10 would be necessary to again
improve performance by about 75%. This would bring the specific
impulse to 2700 s. Increasing the value ofwm also proves ineffective
in actually increasing the specific impulse, as it has the consequence
of introducing greater pressure loss across the vortex, almost exactly
negating any potential benefit.

It should be noted that in the preceding analysis, the number “10”
that appears in Eq. (59) is actually an approximation to 16 � 4b,
where b is the power law chosen to fit the opacity below 10,000 K.
Above this temperature, the opacity levels off to a peak value that
depends on the pressure, and then begins to drop almost as rapidly as
it rose [5]. Through this transition, the value of b essentially goes to
zero and then becomes increasingly negative. The details of how the
power law changes with temperature on the high side of 10,000K are
not important, because lowering the value of b in Eq. (61) results in
the value “10” becoming larger, ultimately reducing the performance
to below what has already been demonstrated.

Constraining Free Parameters

From the above analysis, the characteristics of the vortex have
been reduced to a set of ten parameters: pm, Tm, rm, wm, MHD,M,
Mtm, Jm, gfrac � gfiss=gfissm , and B. The truly dimensionless
formulation of Kerrebrock and Meghreblian is lost by the
introduction of multiple species in thermodynamic equilibrium, as it
brings with it transcendental equations that do not allow complete
removal of the reference values. For this reason, the temperature,
pressure, and radius at peak fuel concentration remain as parameters
to be specified.With further analysis of the physical system, some of
these parameters can be related to others, or specified outright.

Physical Considerations

It isfirst noted fromEq. (30) that theMHDparameter has the direct
influence of establishing the Mach number distribution across the
vortex. It was shown that because of the mixing at the inlet, the
velocity there is small, and theMach number is essentially zero due to
the high temperature. Also fromEq. (30) it can be seen that by setting
Mt at the periphery to zero, the MHD parameter and dimensionless
radius are uniquely related. Thus, by choosing the proper value of
MHD, the Mach number will go to zero at the same radius that Tp
reaches the desired wall temperature, avoiding conductive heat
transfer to the wall. This condition cannot be satisfied a priori
(without iteration), but in the parametric study, only examples where
it is satisfied will be considered.

The relationship givingmass flow rate in terms of tangential Mach
number and temperature at the reference radius still holds, and in a
slightly modified form (due to dissociation), is found as before by
solving Eq. (35) for the mass flow rate, and expressing vm in terms of
Mt. This results in

M ��2���1D12�m
�
m2

2 � y � 1

�
�mM

2
tm (62)

and noting that the product ��1D12�m is a function of temperature
only, the dependence of themassflow rate can be reduced to the form

M ��KmT1=2
m M2

tm (63)

where Km is a constant depending on the mixture properties at the
peak uranium concentration. This shows that the achievable mass
flow rate is a weak function of the temperature and a strong function
of tangential Mach number. It cannot, therefore, be specified
independently.

When considering the electric current flow maintainable within a
given vortex chamber, account should be taken as to how, and from
where, the current will be supplied. The current leaves the cathode by
the process of thermionic emission, which is a function of the
material work function and temperature, given by

Jp �
e

4

�
8kT

�me

�
1=2

�
2�mekT

h2

�
3=2

exp��e�=kT� (64)

and is derived from the equilibrium flux of electrons to a surface of
potential �. This gives an upper bound to the electric current
available based on the maximum allowable cathode temperature
(assuming the cathode and the gas are at approximately the same
temperature), and can be used to set the value of J based on this
temperature.

Because of the freedom provided by the number of parameters
available, it is possible to find many combinations of values that will
achieve similar system performance levels. It is not obvious for some
parameters, whether their values should be driven higher or lower,
hence analysis of system performance under variations of these
parameters must be undertaken. However, three of the parameters
(rm, pm, and Tm) can be set to reasonable values that need not be
varied. First, in the case of pm, there is no penalty in specifying the
pressure as high as can be achieved. Two benefits of a higher
chamber pressure are a smaller throat area (for a givenmassflow rate)
and a higher uranium density. Although some mass penalty is
incurred due to the necessary increase in strength of the pressure
vessel to house the core, the reduction in reactor mass with higher
uranium loading is the stronger effect. For this analysis, the pressure
at the reference radius will be set to 200 atm. This is consistent with
what is attainable with today’s technology and allows for pressure
losses through the system.

To set rm, it is noted that the lower limit on the size of the vortex is
determined by the radiative heat flux from the core. Any chamber of
order centimeters or above will contain this heat, provided the
pressure is of the order 100 atm, and the uranium loading is
sufficiently high. Earlier studies of response of the system to changes
in the value of rm showed almost no dependence on the value when
varied by less than an order of magnitude, and so the value of rm will
be set arbitrarily to 2 cm for the calculations. However, to first order
the resulting systems can be rescaled by several centimeters without
significantly affecting the results.

Finally, any value ofTm specified should be achievable by varying
the heating rate and the uranium loading. However, because of the
radiation dilemma, a maximum temperature of only 5,000 K can be
achieved using the current state-of-the-art, and for this reason will be
selected asTm. Themaximum theoretical specific impulse that can be
achieved by such a system is then 1500 s.

Optimization

Writing the magnitude of the electric potential across the vortex
from the integral of the electric field using J� ��E � vB�, one
obtains

V �
Z
J

�
dr�

Z
vB dr (65)

which, using Eq. (11), can be integrated to get
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V � Jmrm
��
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where
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Using the fact thatMt � 0 at the perimeter
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�
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�
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�
2
�

(68)

where r�p and r�c are the dimensionless radii at the outer and inner
sides, respectively, of the uranium distribution.

Because the MHD parameter contains within it the product of the
current and the magnetic field, setting a small value of Jm will result
in a large value ofB for a given value ofMHD, and vice versa. Under
this constraint, a minimum exists for the electric potential across the
vortex, and it may be worthwhile to explore this as a baseline. To
minimize the electric potential, which has two terms dependent on
the current andmagnetic field separately, it is necessary to choose Jm
andB in such a way that the two terms in the potential are equal. This
is equivalent to constraining the potential by theMHDparameter and
setting the derivative to zero. Using this result, many of the
parameters can now be fixed by the following relationships

J2p �
M
�r2m

	 ��v2m�1�MHD�MHD B2 � M
��	�r2p

V � 2vm

�
M	�1�MHD�MHD

� ��

�
1=2

P � 4M	v2m�1�MHD�MHD

(69)

where Jm has been replaced using r � J� 0 (Jprp � Jmrm) and the
relationship between the MHD parameter and the dimensionless
radius.

An interesting result from the above analysis is found by first
taking the ratio of the power per unit vortex length, andmassflow per
unit vortex length, resulting in the energy per unit mass delivered by
electrical power

P
M
� 4	v2m�1�MHD�MHD (70)

This may then be compared with the energy per unit mass delivered
by the entire system [1

2
�Ispg�2]. Written in terms of the specific

impulse, the ratio gives

Pelec

Pthrust

� 6	�1�MHD�MHD

�
vm
Ispg

�
2

(71)

Parametric Study

Having specified the values of rm,pm, andTm, foundMHDandM
to be related to other parameters, and set Jm andB by minimizing the
potential (or relating J to the cathode temperature), only three
parameters remain to be specified. These are wm, Mtm, and gfrac.
Although arguments can bemade as to why these parameters should,
in general, be set to a range of values, there is no way to determine
analytically what values would achieve the desired performance. For
example, the relationship between theMHDparameter and the radius
of the vortex tube cannot be implemented directly. To set this
condition, values of wm, Mtm, and gfrac are chosen, and successive
values of the MHD parameter are tested until the tangential Mach
number goes to zero at some value of the radius. This is the radius at
which the wall is “placed,” and the value of the temperature at this
radius is compared against the desired wall temperature. If both are
within a certain tolerance of one another, that configuration is kept as
a viable system, otherwise it is discarded.

Variations in the temperature profile are shown in Fig. 5 for
different values of the heating value (gfrac). It can be seen that for high
values of gfrac, the temperature becomes very steep, such that the
change in the square root of the temperature (speed of sound) can
occur more rapidly than the change in the flow velocity, causing the
Mach number to rise suddenly near the wall. Examples of this
phenomenon are shown in Fig. 6, where, starting from a viable
system configuration, the heating value gfrac has been increased to
cause the temperature to drop more rapidly near the perimeter. It is
clear that at a heating fraction gfrac of 0.30, the Mach number falls
almost linearly with increasing radius, but as the heating value is
increased to 0.31, 0.32, and 0.33, the Mach number is made to
increase closer to the reference radius, resulting from steeper
temperature gradients.

Energy Transport

At this point, the approximation of eliminating the heat conduction
from the energy equation can be justified. Figures 7 and 8 compare
the contributions from the various heatingmechanisms present in the
system. The values for the heat conduction present were found by
numerical evaluation of the term r � ��rT�, which, as in the case of
the radiative transport, generates a term that appears with the
convection terms (proportional to the temperature gradient) as well
as a source term from the geometry (proportional to the second
derivative). In Fig. 7, the source terms are shown as a function of
radius, where each curve has been normalized to its maximum value
in the domain (the maximum value is listed with the label for the
curve.) Thefission term dominates everywhere except below a radius
of 0.90, where apparently, the radiation term dominates.

From the formula for �r, the conduction coefficient for radiation,
one sees that the conductivity decreases with increasing density and
opacity. This make physical sense, because higher collisionality
between the photons and atoms would suggest an impedance to the

Fig. 5 Temperature profile variation with heating value.

Fig. 6 Mach number curves for different heating fractions.
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transfer of energy. However, as the density of the uranium decreases,
the length scale over which the diffusion approximation is validmust
increase. At some point the length scale for diffusion will become
greater than that used for the numerical integration, and the solution
will begin to diverge from physical reality. This is the case in the core
of the vortexwhere very little uranium exists, and the gas need not be
in equilibrium with the electromagnetic radiation. The low optical
depth near the core would tend to indicate that the values in Fig. 7 are
an overapproximation, and in fact the heating from the pressure
gradient would probably dominate in this region.

In Fig. 8, the mass and radiation convection profiles are shown
across the vortex, normalized by the gas constant for monatomic
hydrogen, and then scaled to their maximum values (listed). The
contribution from themassflow is small (2.5) but constant overmuch
of the domain, then drops off at the lower temperatures near the wall,
where there is a greater abundance ofH2. The profile of the radiative
heat convection rises (starting at the wall) as the cube of the
temperature to its peak value (520), and then drops as the density of
uranium (and hence the optical depth) decreases. Again, closer to the
core of the vortex the result is somewhat artificial, in that a reduction
in uranium density does not really “reduce the emissivity” asmuch as
make the convection approximation invalid. However, the graph
does show that heat convection due to radiation is actually dominant
over convection due to mass flow. The characterization of the gas
composition is then not directly needed to determine the heat flow
characteristics over most of the system, but the distribution of
uranium must be known to find the optical properties at each point.

Uranium Loading

The claim was made that higher uranium loading is desirable to
reduce the overall mass of the system. The two methods of
accomplishing this were to either increase the overall system
pressure, or increase the amount of uranium relative to the propellant

at a constant pressure. The first method was employed by taking a
base value of 200 atm to be the pressure at the reference radius, set to
account for losses that would develop between there and the pump.
Some loss is incurred upon injection of the propellant into the system,
and then the pressure continues to fall as the gas diffuses inward
through the uranium. This loss in pressure is shown in Fig. 9 for
different values of wm, ranging from 6 to 12. The effect of having a
loss of pressure at the core is to reduce the mass flow rate that is
achievable through a given throat area. Although the vortex mass
flow rate per unit length is a function ofMtm and Tm (shown earlier),
the total mass flow rate can in theory be increased by simply making
the tube longer, and the aspect ratio achievable is then a function of
the core pressure. Because higher uranium loading decreases reactor
mass, but may also decrease thrust, a trade must be made after the
final reactor geometry and layout are determined to see if there is a
core pressure that would maximize this ratio, and if in fact it is
important.

Another limiting factor on the uranium loading is its distribution
across the vortex. For instance, for a subcritical heating value, the
possibility exists of having an instability arise due to the density
distribution in the vortex. Figure 10 shows examples of how the
distribution varies as the heating value changes. At subcritical
heating values (gfrac � 0:25), the distribution of uranium drops off to
a low value near the wall. As the value of gfrac is increased, a second
extremum occurs that indicates that the uranium fraction begins to
rise again for increasing radius. The high molecular weight of the
uraniummeans that these large variations in its distribution will have
a profound effect on the overall density across the vortex.

The source of the instability that can arise is demonstrated in
Fig. 11, where several cases are shown to have total density
distributions that exhibit a maximum within the domain, due to the
rapid drop in the uranium concentration in the direction of increasing
radius (subcritical heating values). The situation that results is
analogous to having two static fluids of different densities in a
container. The acceleration of gravity establishes a pressure gradient
in the fluids, with pressure increasing toward the bottom. Although
an analysis of the static equilibrium of the system will not
differentiate between the less dense liquid being on the bottomor top,
only the latter configuration is dynamically stable, because otherwise
a small perturbation at the interface will cause the fluids to trade

Fig. 7 Dimensionless volumetric heating rates.

Fig. 8 Heat convection rates due to radiation and mass flow.

Fig. 9 Pressure distribution vs radius for different uranium loading.

Fig. 10 Uranium distributions at various heating rates.
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places. In the vortex chamber, the pressure decreases away from the
wall, a result of the vortex flow, and therefore although this steady
state analysis will allow for the situation where the density increases
in this direction, in actual operation this would not be a stable
configuration.

Because of the circulation present in the vortex, the requirement is
even more stringent than merely having a monotonically increasing
density in the radial direction, and a stability analysis yields that the
condition on the density distribution is given by

d ln ��

d ln r�
> 4� �M2

tm (72)

The cases in Fig. 11 are plotted for various values ofwp=wm, the ratio
of the uranium fraction between the periphery and the maximum. As
a rule of thumb, fractions below 0.5 will not be stable (as shown),
however, there is no way to identify these cases analytically and they
must be discarded as each case arises.

Conclusions

Details of the 1-D Axisymmetric analysis of using MHD driven
vortices for fuel containment have been presented. It was
demonstrated that by the introduction of electromagnetic fields to a
vortex tube, the vortex strength is uncoupled from themass flow rate,
allowing the propellant to be introduced at a much lower velocity at
the outer wall, while still maintaining a quasistatic uranium
distribution across the vortex. This same low velocity at the wall
eliminates the problem of reduced diffusion resulting from turbulent
mixing, and puts a constraint on the dimensionless radius of the tube,

relating it to the MHD parameter. Additional free parameters were
selected based on a number of physical arguments, and others were
constrained by the choice of minimizing the electric potential across
the vortex. A major finding of this research is the consequence of
radiative heat transfer to the system. Concern has been expressed that
over the small distances across the vortex (2–3 cm) an appreciable
temperature gradient could not be maintained. It was found that in
areas of high uranium concentration, a diffusion approximation to
the radiative heat transfer could bemade, and that direct escape of the
radiation to the outer wall of the small diameter tubes turned out not
to be a problem. However, a fundamental limit on the maximum
heating rate, independent of the size of the tube, was found. The
maximum system temperature appears to be limited to around
5000 K, above which uranium starts to accumulate near the outer
wall. The result is that the specific impulse of the system is limited to
around 1200–1500 s, well below the anticipated capability of the gas
core system.
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